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Abstract Resumen
The objective of this study is to evaluate the appli-
cability of the most widely used closed-form ground-
return impedance formulas in short-circuit analyses
of distribution systems and to identify the critical net-
work configurations in which the choice of impedance
model significantly affects the short-circuit results.
The methodology adopted in this research is organized
into three stages. First, an algorithm was developed
to implement and compare several closed-form earth-
return impedance formulations, and its performance
was validated using benchmark data reported in the
literature. Second, a short-circuit analysis algorithm
was designed and verified against reference results
published by the IEEE Power and Energy Society.
Finally, multiple short-circuit studies were performed
on several IEEE distribution test feeders. The findings
reveal that most closed-form earth-return impedance
models provide adequate accuracy for both balanced
and unbalanced short-circuit analyses. However, for
single-phase line-to-ground faults, the choice of closed-
form impedance formulation is critical to obtaining
accurate short-circuit results.

El objetivo de este estudio es evaluar la aplicabilidad
de las principales fórmulas cerradas de impedancia
de retorno por tierra en el análisis de cortocircuito de
sistemas de distribución, así como identificar las confi-
guraciones críticas en las cuales la elección del mo-
delo de impedancia puede influir significativamente
en los resultados del cortocircuito. La metodología
adoptada en esta investigación se estructura en tres
etapas. Primero, se desarrolló un algoritmo para im-
plementar y comparar las formulaciones cerradas de
impedancia de retorno por tierra, el cual fue validado
con datos de referencia disponibles en la literatura.
Segundo, se diseñó un algoritmo de análisis de corto-
circuito que fue verificado con resultados publicados
por la IEEE Power and Energy Society. Finalmente,
se realizaron múltiples estudios de cortocircuito en
varios alimentadores de prueba de distribución del
IEEE. Los resultados muestran que la mayoría de las
formulaciones cerradas de impedancia de retorno por
tierra son adecuadas tanto para análisis de cortocir-
cuito balanceados como desbalanceados, y que, en
fallas monofásicas a tierra, la elección de la fórmula
cerrada de impedancia resulta un factor crítico para
obtener resultados precisos.
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Distribution systems; Short-circuit calculation accu-
racy
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1. Introduction

Distribution systems exhibit an inherently asymmet-
rical geometry and, unlike transmission lines, they
are not transposed. This lack of symmetry leads to
significant phase imbalances, increasing the current’s
circulation through the earth. Consequently, accurately
modeling the ground-return impedance is essential to
obtaining a precise representation of the system’s elec-
trical behavior [1–3].

The first model for earth-return impedance was
developed by Carson in 1926, who derived the earliest
analytical formulation by expressing the axial electric
field in the soil as a Fourier-type improper integral
under quasi-TEM assumptions. Carson’s model repre-
sents a foundational contribution to the field; however,
it relied on simplifying assumptions such as homoge-
neous soil, ground permeability equal to that of free
space, and the neglect of displacement currents, which
limited its applicability at higher frequencies and in
soils with significant permittivity effects [4]. Subse-
quent researchers addressed these limitations.

Wise, in his early works from 1931 and 1934, intro-
duced formulations that extended Carson’s model by
incorporating finite ground permeability and displace-
ment currents, using the Hertzian vector potential and
Fourier–Bessel expansions to generalize the wave equa-
tion for imperfect soils [5, 6]. Later, in 1968, Sunde
further advanced Wise’s work by incorporating the ef-
fects of layered ground structures into the earth-return
impedance formulations [7].

Carson’s formulation was originally expressed as
improper integrals, which made its direct evaluation
challenging. Over the years, researchers have proposed
several methods to evaluate these integrals, including
numerical integration techniques and infinite-series ex-
pansions [1], [8]. However, these approaches are often
computationally intensive and require significant pro-
cessing time. To address these limitations, multiple
complex-image models have been developed. Sunde
introduced a more rigorous physical basis for image
placement and provided practical closed-form expres-
sions [7]. Afterwards, Dubanton and Deri proposed
more sophisticated complex-image depths derived from
exponential or logarithmic approximations of Carson’s
integral [9, 10].

Alvarado further refined these results by introduc-
ing a more accurate closed-form model suitable for
engineering applications [11], while Pizarro and subse-
quently Noda presented double complex-image models
in which two optimized image conductors substantially
improve approximation accuracy across wide frequency
ranges and geometric configurations [12,13]. Finally, it
is important to note that Kersting proposed a model
that relies only on the first few terms of Carson’s se-
ries expansion [14], and that Carson himself, in his
original work, had already derived a closed-form so-

lution, although this contribution remained largely
unrecognized until recent years [15].

Closed-form solutions for ground-return impedance
have been extensively studied, and numerous works
have analyzed their sensitivity to soil resistivity, con-
ductor height, horizontal spacing, operating frequency,
and ground stratification. These studies provide valu-
able insights into the accuracy and limitations of
both classical and modern approximations, including
Carson-based series, image-method formulations, and
recent closed-form expressions. However, despite this
extensive body of research, no previous work has eval-
uated the applicability or accuracy of these closed-
form models for short-circuit studies in unbalanced
distribution systems, in which mutual coupling and
asymmetrical feeder geometries significantly influence
the results [1], [8], [16–18].

For short-circuit studies in balanced systems, the
symmetrical components method is widely employed.
However, in distribution networks, which are inher-
ently unbalanced due to their asymmetrical geometry,
directly applying this method can lead to significant
errors [19]. In such cases, a phase-domain analysis
becomes essential, as it explicitly represents system
unbalance and incorporates the mutual impedances
among phases. Recent studies have integrated phase-
domain representations directly into the symmetrical
components framework, enabling a more accurate treat-
ment of unbalance and mutual coupling effects.

These hybrid approaches are increasingly being
used to analyze distribution systems with high pene-
tration of distributed generation (DG), where the in-
teraction between unbalanced network conditions and
inverter-based resources necessitates detailed, phase-
resolved short-circuit modeling [20–22].

Since short-circuit studies in distribution systems
with distributed generation are now commonly per-
formed using phase-domain analysis, which directly
relies on an accurate representation of the earth-return
impedance, it is essential to assess whether the most
widely used closed-form formulations implemented in
commercial software and research projects are suitable
for this purpose [1], [17]. Evaluating their performance
makes it possible to determine the reliability of these
closed-form expressions for short-circuit calculations
and, consequently, their appropriateness for analyz-
ing unbalanced distribution systems with high DG
penetration.

This study provides a comprehensive phase-domain
short-circuit analysis of three distribution systems, in-
corporating the most widely used closed-form formula-
tions for ground-return impedance. The novelty of this
study lies in evaluating, for the first time, the direct
impact of these formulations on short circuit results in
unbalanced distribution networks, rather than focusing
solely on their electromagnetic accuracy as in prior
contributions.
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The main contributions of this work are summa-
rized as follows:

• To quantify the percentage error introduced in
short-circuit calculations when different closed-
form ground-return impedance formulations are
employed.

• To identify the critical network configurations
in which the selection of the impedance model
exerts a significant influence on short-circuit re-
sults.

2. Materials and Methods

2.1. Closed-form impedance formulas

The principal closed-form expressions for earth-return
impedance in overhead distribution lines are derived
from Carson’s formulations [16, 17], [23] and include
the following components:

Z ′ = Rc + jXc + jXg + Ze (1)

Where Rc and Xc denote the conductor resistance
and reactance, respectively, Xg represents the reac-
tance associated with the geometric distribution of
the conductors, and Ze is the earth-return impedance.
As is customary for short overhead lines (less than
50 miles), capacitance is neglected because it has a
negligible impact at power frequencies [24].

The conductor resistance is typically provided by
the manufacturer. The conductor reactance is given
by:

Xc = ωµ0µr

2π
ln

rext

GMR
(2)

where

• ω is the complex frequency, rad/s.

• µ0 is the vacuum permeability, H/mile.

• µr is the relative magnetic permeability.

• rext is the conductor radius, (ft),

• GMR is the geometric mean radius of the con-
ductor, (ft).

The extended Carson model is presented in (3)-(6).
In these expressions, Zc denotes the conductor self-
impedance and is given by the sum of Rc and jXc.
The second term on the right-hand side of equation (3)
and the first term on the right-hand side of equation
(4) correspond to the reactance associated with line ge-
ometry (jXg). The last terms on the right-hand sides
of (3) and (4) represent the earth-return impedance
(Ze).

Z ′
(self),carson = Zc + jω

µ0

2π
ln

2hs

rext
+ jω

µ0µr

π
Js (3)

Z ′
(mutual),carson = jω

µ0

2π
ln
√

(hi + hj)2 + (xij)2√
(hi − hj)2 + (xij)2

+jω
µ0µr

π
Jm

(4)

where

Js = Ps + jQs =
∫ ∞

0

e−2hsλ

λ +
√

λ2 + jωµ0µr/ρ
dλ (5)

Jm = Pm + jQm =∫ ∞

0

e−2(hi+hj)λ

λ +
√

λ2 + jωµ0µr/ρ
Cos(λx) dλ

(6)

and

• ρ is the ground resistivity, Ω · ft.

• hs, hi, hj are the conductor heights above ground
(ft).

• x is the horizontal separation between conduc-
tors (ft).

The solution to the infinite integrals in equations
(5) and (6) was initially expressed by Carson as a
closed-form solution. However, owing to the limited
computational resources available at the time, he pre-
sented the result as an infinite-series expansion. Con-
sequently, subsequent approximations became neces-
sary to obtain practical formulations for earth-return
impedance [1], [15]. This section summarizes the prin-
cipal closed-form solutions for low frequencies, starting
with the single- and double-logarithmic approximations
to Carson’s integrals [9–13], followed by the computa-
tional adaptations of the corresponding infinite-series
expressions [14], [23].

2.1.1. Dubanton

The first approximation considered in this study for
the self-impedance of an overhead conductor was pro-
posed by Dubanton in 1969, based on the concept of
complex depth. Subsequently, in 1976, Gary derived
an expression for the mutual impedance between two
overhead conductors, thereby completing Dubanton’s
formulation [9]. It is important to note that both ex-
pressions are empirical in nature.

Zself = Zc + jω
µ0

2π
ln 2(hs + p)

rext
(7)



Castillo Barrón et al. / Analysis of closed-form ground-return impedances for short-circuit studies in overhead

distribution systems 67

Zmutual = jω
µ0

2π
ln
√

(hi + hj + 2p)2 + (xij)2√
(hi − hj)2 + (xij)2

(8)

where the complex depth (ft) is defined as:

p =
√

ρ

jωµ0µr
(9)

2.1.2. Deri

In 1981, Deri et al. [10] provided a mathematical valida-
tion of the impedance formulas proposed by Dubanton
and Gary. Their final closed-form solution is given by:

Js,DERI = 1
2 ln hs + p

hs
(10)

Jm,DERI = 1
2 ln

√
(hi + hj + 2p)2 + (xij)2√

(hi + hj)2 + (xij)2
(11)

2.1.3. Alvarado

A year later, in 1982, Alvarado et al. improved the
impedance formulas developed by Deri [11]. Their main
contribution was proposing an approximation that re-
tained more terms than Deri’s formulation. The result-
ing expression is given by:

Js,ALVARADO = 1
2 ln hs + p

hs
− 1

24
1(

hs + p

p

)3

Jm,ALVARADO = 1
4 ln

(
1 + p

h

)2
+ τ2

1 + τ2

(12)

− 1
48

 1[
h

p
(1 + jτ) + 1

]3 + 1[
h

p
(1 − jτ) + 1

]3


(13)

where

τ = xij

hi + hj
, h = hi + hj

2 (14)

2.1.4. Pizarro and Eriksson

Pizarro and Eriksson [12] introduced a double logarith-
mic approach in 1991 to solve (3)-(6), as summarized
below:

Js = jω
µ0

2π


A ln

(√
(2hs + 2αp)2

rext

)

+(1 − A) ln
(√

(2hs + 2βp)2

rext

)
 (15)

Jm = jω
µ0

2π


A ln

√
(hi + hj + 2αp)2 + x2

ij√
(hi − hj)2 + (xij)2

+(1 − A) ln

√
(hi + hj + 2βp)2 + x2

ij√
(hi − hj)2 + (xij)2


(16)

Where the constants were obtained using the least-
squares method, yielding A = 0.1159, α = 0.2258 and
β = 1.1015. These values are valid for both self and
mutual impedance.

2.1.5. Noda

In 2006, Noda [13] extended the work of Pizarro and
Eriksson by approximating A, α and β as functions of
typical distribution- and transmission-system parame-
ters, including frequency, ground resistivity, and con-
ductor height. This refinement improved the accuracy
of Pizarro’s impedance model; however, it required the
introduction of an additional variable, θ.

The formulas for calculating self and mutual
impedance are given in (15) and (16). The parameters
A and α are defined as follows:

A =
{

0.07360, θ ≤ 50.45◦,

0.002474 θ − 0.05127, θ > 50.45◦.
(17)

α =
{

0.1500, θ ≤ 50.45◦,

0.004726 θ − 0.08852, θ > 50.45◦.
(18)

β = 1 − Aα

1 − A
(19)

Where, for self-impedance, θ = 0◦, whereas for
mutual-impedance calculations, it is given by:

θ = tan−1 xij

hi + hj
(20)

2.1.6. Galloway

Galloway’s impedance formulas [23] constitute a numer-
ical adaptation of Carson’s complete series expansion
and are expressed as follows:

Js = π

8 (1−S4)+1
2

(
ln 2

γrij

)
S2+1

2 θS′
2− σ1√

2
+σ2

2 + σ3√
2

(21)
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Jm =

1
4 + 1

2

(
ln 2

γrij

)
(1 − S4) − 1

2 θS′
4 + σ1√

2
− π

8 S2 + σ3√
2

− σ4

2

(22)

Where γ denotes Euler’s constant (1.7811), and
S2, S

′

2, S4, S
′

4, σ1, σ2, σ3 and σ4 are infinite series that
are described in detail in [8].

And

rij =
√

ωµ0µr

ρ
Dij (23)

Dij =
√

(hi + hj)2 + (xij)2 (24)

for self-impedance calculations, Dij = 2hs.
Finally, the upper limit k in the summations was

set to 35 , since Ramos et al. [17] showed that, for typi-
cal 60-Hz distribution-line configurations, retaining 35
terms in the Galloway formulas yields a deviation of
less than 1×10−7 relative to the numerical evaluation
of Carson’s integral. Accordingly, this work adopts the
35-term Galloway formulation as an exact numerical
reference for Carson’s integral, denoted as the Carson
model.

2.1.7. Kersting

Kersting’s formulas [14] are based on Carson’s recom-
mendations for r less than 1/4 [4]. Most distribution-
line configurations under steady-state conditions
(f = 60Hz) and with standard soil resistivity (ρ =
328.084 Ω · ft) fall within this range.

Js = π

8 (25)

Jm = −0.0386 + 1
2 ln 2

rij
(26)

Finally, to obtain the phase-impedance matrix (Z)
for all line models, Kron reduction must be applied to
the corresponding primitive impedance matrix (Z´).
The complete procedure is described in detail in [18].

2.2. Distribution Line Configurations

After presenting the closed-form earth-return
impedance formulas, the next step is to model the line
configurations for the short-circuit studies. To this end,
an algorithm was developed in Mathematica software
to incorporate all the earth-impedance formulations.
The algorithm was then validated against benchmark
data reported in the original references.

Two distribution systems were selected for the stud-
ies. The IEEE 13-node test feeder was chosen because
it is compact yet highly unbalanced, whereas the IEEE
34-node test feeder [25] was selected because it features

long distribution lines. The test cases considered in
this study are based on these IEEE test feeders, which
were developed from actual distribution system con-
figurations and are widely recognized as benchmark
models for validating analysis methodologies in dis-
tribution networks. These feeders are now extensively
used in short-circuit studies, phase-domain modeling,
zero-sequence impedance evaluation, and analyses in-
volving high DG penetration. Their broad adoption
and sustained acceptance in recent literature support
the representativeness and suitability of these configu-
rations for the accuracy assessment conducted in this
work [22], [26–28].

The IEEE 13-node test feeder includes five over-
head line configurations (601–605); however, only three
correspond to distinct conductor spacings. Accordingly,
results are reported only for configurations 601, 603,
and 605, which represent three-phase, two-phase, and
single-phase lines, respectively. The principal data for
these configurations are summarized in Table 1.

Table 1. Overhead line-configuration data for the IEEE
13-node test feeder

Config. Phasing
Phase Neutral Spacing

Size Size ID
601 B A C N 556.5 kcmil 4/0 AWG 500
603 C B N 1/0 AWG 1/0 AWG 505
605 C N 1/0 AWG 1/0 AWG 510

The IEEE 34-node test feeder includes four over-
head line configurations. Configurations 300 and 301
are three-phase, configuration 305 is two-phase, and
configuration 302 is single-phase. However, their con-
ductor spacings are identical to those of the IEEE
13-node test feeder, as summarized in Table 2.

Table 2. Overhead line-configuration data for the IEEE
34-node test feeder

Config. Phasing
Phase Neutral Spacing
Size Size ID

300 B A C N 1/0 AWG 1/0 AWG 500
301 B A C N #2 AWG #2 AWG 500
302 A N #4 AWG #4 AWG 510
305 A C N #4 AWG #4 AWG 505

The conductor data for both systems are available
in [25] and are summarized in Table 3. Conductor sizes
are expressed in kcmil or AWG, and all conductors are
of the ACSR type. Resistance values are reported in
ohms per mile at 60 Hz and 50 °C. The conductor’s
external diameter is given in inches, and the geometric
mean radius (GMR) is expressed in feet.
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Table 3. Conductor data

Size (kcmil
Type

Resistance Diameter
GMR (ft)o AWG) (Ω/milla) (inches)

556.5

ACSR

0.1859 0.927 0.03130
4/0 0.592 0.563 0.00814
1/0 1.12 0.398 0.00446
#2 1.69 0.316 0.00418
#4 2.55 0.257 0.00452

The configurations corresponding to the different
spacings are illustrated in Figure 1, with all distances
expressed in feet. Phase conductors are depicted in
black, whereas the neutral conductor is shown in gold.
The distance between the pole and the neutral conduc-
tor is 0.5 ft.

Figure 1. Line spacings

To properly assess the accuracy of the closed-form
earth-return impedance formulas, Table 4 presents the
maximum percentage error of the different impedance
formulas relative to the Carson series for configura-
tions 601, 603, and 605, corresponding to three-phase,
two-phase, and single-phase cases, respectively. The
modeling was performed at 60 Hz, assuming a soil
resistivity of 100Ω · m. This value was selected because
typical soil resistivity ranges from 50 to 200Ω · m, and
100Ω · m represents a moderately conservative condi-
tion for evaluating ground-return impedance behavior.
Moreover, 100Ω · m is widely used as a benchmark
in recent academic studies and IEEE technical re-
ports that assess image-based methods, Carson-derived
models, and frequency-dependent impedance formula-
tions [1], [8], [29,30]. The percentage error is computed
as follows in Table 4.

It is important to emphasize that the Carson model
is used as the reference in this work, since at low fre-
quencies, there is no significant difference between
the results obtained from Carson’s formulation and
those obtained from Wise’s generalized earth-return
impedance formula [6]. Wise’s model is regarded as the
most comprehensive because it accounts for soil per-
meability and displacement currents. Nevertheless, at
power frequencies, these displacement currents are neg-
ligible, and both formulations converge to essentially
the same results [1].

From Table 4, it is evident that Noda’s formu-
las yield the smallest percentage errors in both the

real and imaginary components. Alvarado’s formula
provides the next most accurate approximation, with
maximum percentage errors below 0.09%. Pizarro’s
approximation follows, exhibiting, with a maximum
error of 0.15% in two-phase configurations. In contrast,
the Kersting and Deri formulas produce larger discrep-
ancies, with maximum errors of approximately 0.32%
and 1.19%, respectively. These findings are consistent
with the conclusions drawn by Martins [16] and Ramos-
Leaños [17], who identified Noda’s formulations as the
most accurate closed-form approximation to the Car-
son series for typical distribution-line configurations.
It is also worth noting that the procedure used in this
study to compute percentage differences is identical to
that adopted by Papadopoulos [1].

Table 4. Maximum percentage error for the different
distribution-line configurations

Configuration 601
Real part Imaginary part

Deri-Dubanton 0.96243 % 0.66959 %
Kersting 0.24885 % 0.26336 %

Pizarro - Eriksson 0.11925 % 0.09400 %
Alvarado 0.06726 % 0.07141 %

Noda 0.02956 % 0.01086 %
Configuration 603

Deri-Dubanton 118801% 0.76550 %
Kersting 0.19441 % 0.31422 %

Pizarro - Eriksson 0.14941 % 0.10769 %
Alvarado 0.08854 % 0.08228 %

Noda 0.03390 % 0.01212 %
Configuration 605

Deri-Dubanton 0.18572 % 0.25734 %
Kersting 0.03160 % 0.11156 %

Pizarro - Eriksson 0.02340 % 0.03635 %
Alvarado 0.01389 % 0.02801 %

Noda 0.00532 % 0.00393 %

error = max
[

|ZCarson − ZE-formulae|
ZCarson

]
× 100% (27)

From these tables, it is evident that the Deri and
Dubanton formulas yield identical impedance matrices
for the line configurations analyzed in this study. Ac-
cordingly, they are combined and treated as a single
formulation in the subsequent analysis.

Finally, it should be noted that the smallest per-
centage errors occur in the single-phase configurations
(605). Moreover, because single-phase lines are typi-
cally short, these configurations are expected to exert
only a limited influence on short-circuit calculations.
In contrast, the two-phase configurations (603) exhibit
larger percentage errors and, since such lines are gen-
erally of medium length, they are more likely to have
a pronounced impact on short-circuit study results.
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3. Results and discussion

This section presents the principal results of the short-
circuit studies conducted on the IEEE 13-node and
34-node test feeders. Three case studies are examined
to represent distinct distribution-system conditions:
a 13-bus feeder with short lines (less than 1 mile), a
34-bus feeder with long lines (up to 15 miles), and a
third scenario characterized by extremely long lines
(greater than 15 miles).

The algorithm used for these studies was imple-
mented in Mathematica, and its results match ex-
actly the reference data published by the IEEE Power
and Energy Society [31]. Phase-domain analysis was
adopted for the short-circuit calculations, since it
is widely recognized as a benchmark approach for
distribution-system studies [20], [27]. Detailed descrip-
tions of this method are available in [32, 33]. Standard
assumptions were applied throughout the short-circuit
simulations: the pre-fault voltage was set to 1 pu, and
static loads were neglected.

Before presenting the results of the short-circuit
studies, it is important to clarify that, for ease of analy-
sis, all outcomes are reported as the maximum percent-
age error, computed using equation (28). In this expres-
sion, ICarson denotes the short-circuit current obtained
with the Carson model, and I(E−formulae) denotes the
current obtained with the corresponding closed-form
earth-impedance formulations. Short-circuit current
values in amperes are available from the authors upon
request.

error = max
[

|ICarson − IE-formulae|
ICarson

]
× 100% (28)

The results for the different fault types are pre-
sented below. It is important to note that three-phase
and line-to-line fault outcomes are not reported, since
no significant differences were observed among the
impedance models. This behavior is expected because
these faults do not involve an earth-return path; con-
sequently, all formulations converge, resulting in essen-
tially identical short-circuit current magnitudes.

3.1. IEEE 13-Node Test Feeder

The first short-circuit study is conducted on the IEEE
13-node test feeder, whose one-line diagram is shown
in Figure 2. In the diagram, solid, dashed, and dotted
lines denote three-phase, two-phase, and single-phase
line configurations, respectively.

Figure 2. IEEE 13-node test feeder

The complete system data is available in [31]. Table
5 summarizes the main line-segment data.

Table 5. Line-segment data for Case Study1

From To
Config Phases

Length Overhead or
Node Node (ft) Underground

632 633 602 3 500 A
632 645 603 2 500 A
632 671 601 3 2000 A
645 646 603 2 300 A
650 632 601 3 2000 A
671 680 601 3 1000 A
671 684 604 2 300 A
684 611 605 1 300 A
684 652 607 1 800 U
692 675 606 3 500 U

Segment 671–692 is not included in the table be-
cause it corresponds to a switch with zero length. The
impedance matrices for the underground line segments
684-652 and 692-675 were taken from [31]. These ma-
trices were kept unchanged, because their differences
relative to the Carson model are less than 0.01% [34].

3.1.1. Three-Phase-to-Ground Fault

Figure 3 presents the maximum percentage differences
in short-circuit current between the Carson Model and
the closed-form earth-impedance formulations for a
three-phase-to-ground fault.
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Figure 3. Maximum percentage error for a three-phase-
to-ground fault

From Figure 3, it is evident that all closed-form
impedance formulations yield errors below 0.006% for
this fault type. Among them, Noda’s formulation pro-
vides the closest agreement with the Carson model,
followed in decreasing accuracy by Alvarado, Eriksson,
Kersting, and Deri. The largest percentage error occurs
at node 680, which lies along the longest three-phase
path from the short-circuit source, approximately 5000
ft.

3.1.2. Line-to-Line-to-Ground Fault

Figure 4 depicts the maximum percentage errors in
short-circuit current between the Carson model and
the closed-form earth-impedance formulations for a
line-to-line-to-ground fault.

As Figure 4 shows, Noda’s formulations provide the
closest agreement, followed by Alvarado’s and Eriks-
son’s. The Kersting and Deri formulations also perform
well, with errors remaining below 0.05%.

Figure 4. Maximum percentage error for a line-to-line-to-
ground fault

The highest average error occurs at node 680, which
is located along the longest two-phase path from the
short-circuit source (approximately 5000 ft). Notably,
nodes 645 and 646 also exhibit relatively large errors

because they are two-phase nodes; however, since the
associated line sections are short, their overall effect
remains limited.

3.1.3. Single-Line-to-Ground Fault

Figure 5 presents the maximum percentage differences
in short-circuit current between the Carson model and
the closed-form earth-impedance formulations for a
single-line-to-ground fault.

Figure 5. Maximum percentage error for a single-line-to-
ground fault

From Figure 5, it is evident that, for this fault
type, all earth-impedance formulations yield errors
below 0.21%. Consistent with the other fault cases,
Noda’s formulation provides the closest agreement with
the Carson model, followed closely by Alvarado’s and
Eriksson’s, and then by Kersting’s and Deri’s.

3.1.4. Analysis for Case Study 1

Based on the short-circuit results, it can be concluded
that the largest discrepancies generally occur for single-
line-to-ground faults (0.21%), followed by line-to-line-
to-ground faults (0.05%), and, finally, three-phase-to-
ground faults (0.006%). Across all fault types, Noda’s
formulation provides the most accurate approximation,
closely followed by Alvarado’s and Eriksson’s. The re-
maining earth-impedance formulations introduce er-
rors that may be non-negligible in certain applications,
particularly when longer line sections are involved.

An updated analysis is conducted to examine the
relationship between the modeling errors associated
with the line configurations and the errors observed in
the short-circuit studies, with the aim of determining
whether a correlation exists between these parameters.
Because node 680 exhibits the largest short-circuit er-
ror and configuration 601 connects the source node
(650) to node 680, the assessment focuses on the three-
phase configuration 601. For this configuration, the
reactive component is approximately three times larger
than the resistive component; therefore, the imaginary
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part is adopted as the reference for the correlation
analysis. Table 6 summarizes the relationship between
impedance-modeling errors, and the maximum short-
circuit errors at node 680. The reported values are
obtained by dividing the maximum short-circuit er-
rors by the maximum errors in the imaginary part of
the corresponding impedances, so that larger ratios
indicate a stronger correlation.

Table 6. Relationship between impedance errors and short-
circuit results

Formulations
Three- Line-to Single-

-Phase-to- -Line-to- Line-to-
Ground Fault Ground Fault Ground Fault

Deri-Dubanton 0.008 0.066 0.313
Kersting 0.008 0.116 0.240
Eriksson 0.008 0.055 0.311
Alvarado 0.010 0.041 0.301

Noda 0.036 0.120 0.355

From Table 6, it can be concluded that impedance-
modeling errors exert a stronger influence on line-
to-ground faults, as reflected by the larger ratios. It
should be noted that this assessment was performed
only for node 680, which is a three-phase node. A more
comprehensive understanding requires extending the
same analysis to two-phase and single-phase nodes
associated with longer line sections. This extended
evaluation is addressed in the following cases.

3.2. Long distribution lines

The objective of this case study is to examine how
line length affects the magnitude of short-circuit fault
currents. The short-circuit analysis is performed on a
section of the IEEE 34-node test feeder, as shown in
the one-line diagram in Figure 6. In the diagram, solid,
dashed, and dotted lines denote three-phase, two-phase,
and single-phase line configurations, respectively.

Figure 6. IEEE 34-nodetest feeder

The main feeder section up to node 816 is mod-
eled as a three-phase line with configuration 300 and
a length of 105,060 ft. From node 816 onward, three
branches are considered: a three-phase branch with
configuration 301, a two-phase branch with configura-
tion 305, and a single-phase branch with configuration
302. The key line-segment data are summarized in
Table 7.

Table 7. Line-segment data for Case Study 2

From To
Config Phases

Length Overhead or
Node Node (ft) Underground

800 816 300 3 105060 A
816 823 301 3 79200 A
816 822 305 2 79200 A
816 821 302 1 79200 A

The results are presented for terminal nodes lo-
cated 3, 6, 9, 12, and 15 miles downstream from the
three-phase node 816.

3.2.1. Three-Phase-to-Ground Fault

Figure 7 depicts the maximum percentage differences
in short-circuit current between the Carson model and
the closed-form earth-impedance formulations for a
three-phase-to-ground fault at node 823.

Figure 7. Maximum percentage error for a three-phase-
to-ground fault in Case Study2 (node 823)

From Figure 7, it is evident that all closed-form
formulations yield errors below 0.005% for this fault
type.

3.2.2. Line-to-Line-to-Ground Fault

Figure 8 depicts the maximum percentage error in
short-circuit current between the Carson model and
the closed-form earth-impedance formulations for a
line-to-line-to-ground fault, corresponding to the two-
phase case.

The three-phase case is not reported because it is
essentially identical to the two-phase case; both exhibit
a maximum error of 0.05% for the Deri formulation.
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Figure 8. Maximum percentage error for a line-to-line-to-
ground fault in Case Study 2 (node 822, two-phase)

3.2.3. Single-Line-to-Ground Fault

Figure 9 depicts the maximum percentage differences
in short-circuit current between the Carson model and
the closed-form earth-impedance formulations for a
single-line-to-ground fault, corresponding to the single-
phase case.

Figure 9. Maximum percentage error for a single-line-to-
ground fault in Case Study 2 (node 821, single-phase)

From Figure 9, it is evident that Noda’s formula-
tions provide the closest agreement with the Carson
model, followed by Alvarado’s, Eriksson’s, and Kerst-
ing’s. The Deri formulations also perform satisfactorily,
with errors remaining below 0.18%. It should be noted
that the three-phase and two-phase cases exhibit trends
comparable to those of the single-phase configuration;
therefore, they are not reported.

3.2.4. Analysis for Case Study 2

Based on the short-circuit results, it can be concluded
that the largest discrepancies generally occur for single-
line-to-ground faults (0.19%), followed by double line-
to-ground faults (0.05%), and, finally, three-phase-to-
ground faults (0.005%). Across all fault types, Noda’s

formulations provide the most accurate approximation,
closely followed by the Alvarado and Eriksson methods.
The remaining formulations exhibit errors that may
be non-negligible in line-to-earth fault calculations.

After analyzing the results of the first and second
case studies, it is apparent that the line-to-ground
fault constitutes the most critical scenario. Accord-
ingly, a correlation analysis is conducted to examine
the relationship between line-modeling errors and the
outcomes of the line-to-ground fault studies. For config-
urations 302 and 305, which correspond to single-phase
and two-phase lines, the resistive component is approx-
imately twice the reactive component; therefore, these
configuration are adopted as the reference cases for
this assessment.

Table 8 summarizes the relationship between line-
modeling errors and the maximum errors obtained
in the short-circuit studies at a distance of 15 miles
from node 816. The values reported in Table 8 are
computed as the ratio of the maximum short-circuit
errors to the maximum errors in the real part of the
corresponding impedances. Larger values indicate a
stronger correlation.

Table 8. Relationship between impedance-modeling error
and line-to-earth short-circuit results

Formulations Config 301 Config 305 Config 302
(3ϕ) (2ϕ) (1ϕ)

Deri-Dubanton 0.137 0.125 1,507
Kersting 0.163 0.106 1,245
Eriksson 0.148 0.137 1,634
Alvarado 0.180 0.168 2,039

Noda 0.107 0.093 1,177

From Table 8, it can be concluded that impedance-
modeling error is most influential in the single-phase
configuration, as evidenced by the larger ratios. This
indicates a close relationship between line-modeling er-
ror and line-to-ground fault error for single-phase lines.
Regarding the three-phase and two-phase configura-
tions, the influence of modeling error on short-circuit
calculations also remains significant, consistent with
the findings of Case Study 1; nevertheless, the single-
phase configuration continues to represent the critical
case. Finally, to encompass all relevant operating con-
ditions, extremely long lines must be considered, and
this scenario is examined in the final case study.

3.3. Very long distribution lines

The objective of this third case study is to examine
short-circuit fault magnitudes in extremely long distri-
bution lines (greater than 50 miles), thereby covering
all relevant scenarios in distribution-system modeling.
Figure 10 illustrates the system adopted for this anal-
ysis, which is based on the IEEE 13-node test feeder.
Specifically, the overhead line section between nodes
650 and 632 is extended to a total length of 50 miles.
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This line uses the three-phase configuration 601, with
parameters provided in Table 1. Only the three-phase
case is considered, since extremely long distribution
lines are typically implemented using three-phase con-
figurations.

3.3.1. Short-circuit results

Figure 10 illustrates the maximum percentage dif-
ferences in short-circuit current between the Carson
model and the closed-form earth-impedance formula-
tions for a single line-to-ground fault.

From Figure 10, it is evident that Noda’s formula-
tions provide the closest agreement with the Carson
model, followed by Alvarado’s, Eriksson’s, and Kerst-
ing’s. The Deri formulations also perform satisfactorily,
with errors remaining below 0.27%.

The results for the three-phase-to-ground and dou-
ble line-to-ground faults are not reported because they
exhibit behavior similar to that shown in Figures 7 and
8 for Case Study 2. The maximum percentage error is
0.007% for the three-phase-to-ground fault and 0.04%
for the double line-to-ground fault.

Figure 10. Maximum percentage error for a single-line-
to-ground fault in Case Study 3.

3.3.2. Analysis for Case Study 3

The three-phase-to-ground fault study shows that all
closed-form earth-impedance formulations yield maxi-
mum errors below 0.007%. A consistent trend emerges
when these results are compared with those of Case
Studies 1 and 2. Specifically, Case Study 1 reported a
maximum error of 0.006% at 1 mile from the source,
whereas Case Study 2 showed a maximum error of
0.005% at 15 miles. Collectively, these findings indi-
cate that the closed-form earth-impedance formula-
tions considered are sufficiently accurate for modeling
three-phase-to-ground faults.

For line-to-line-to-ground faults, all closed-form
earth-impedance formulations exhibit maximum errors
of approximately 0.04%. This result is consistent with

Case Studies 1 and 2, which reported maximum errors
of 0.05% at 2000 ft and 15 miles, respectively. Across
all cases, the maximum error remains below 0.05%, in-
dicating that the closed-form earth-impedance formula-
tions considered are sufficiently accurate for modeling
this fault type.

For line-to-earth (single-line-to-ground) faults, all
closed-form earth-impedance formulations exhibit max-
imum errors of 0.27%. Case Study 1 reported a maxi-
mum error of 0.21% at 5000 ft, whereas Case Study 2
showed a maximum error of 0.19% at 15 miles. Across
all three case studies, the maximum error remains
below 0.27%.

Based on the results of this short-circuit study, it
can be concluded that the largest discrepancies gener-
ally occur for line-to-ground faults (0.27%), followed by
double line-to-ground faults (0.04%), and, finally, three-
phase-to-ground faults (0.007%). Among the evaluated
formulations, Noda’s model provides the most accurate
approximation across all fault types, closely followed
by those of Alvarado and Eriksson. By contrast, the
remaining formulations may introduce non-negligible
errors in line-to-earth fault calculations, particularly
in applications that demand high accuracy. These con-
clusions are consistent with the trends observed in
the previously analyzed case studies and are directly
relevant to ongoing research examining the influence
of distributed generation on short-circuit current mag-
nitudes [22], [35, 36].

A correlation analysis is conducted to examine
the relationship between line-modeling error magni-
tudes and the outcomes of the short-circuit studies. For
configuration 601, the reactive component is approxi-
mately three times larger than the resistive component;
therefore, the reactive part is adopted as the reference
for this assessment. Table 9 presents the relationship
between line-modeling errors, and the maximum short-
circuit errors observed at a distance of 50 miles from
node 650. The values reported in Table 9 are computed
by dividing the maximum short-circuit errors by the
maximum modeling errors associated with the reactive
part of the corresponding impedances.

Table 9. Relationship between impedance-modeling error
and short-circuit results

Formulations
Three- Line-to Single-

-Phase-to- -Line-to- Line-to-
Ground Fault Ground Fault Ground Fault

Deri-Dubanton 0.009 0.056 0.397
Kersting 0.010 0.116 0.294
Eriksson 0.009 0.046 0.392
Alvarado 0.009 0.040 0.378

Noda 0.013 0.120 0.467

From Table 9, it can be concluded that impedance-
modeling errors are most consequential for line-to-
ground faults, as evidenced by the strong correla-
tion observed for most closed-form earth-impedance
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formulations. By contrast, for three-phase and line-
to-line faults, no clear relationship emerges between
impedance-modeling errors and short-circuit results.
Accordingly, for very long distribution lines, the choice
of earth-impedance formulation has a negligible in-
fluence on short-circuit calculations under these fault
conditions.

4. Conclusions

This study presented, in a comprehensive and ac-
cessible manner, the most widely used closed-form
earth-return impedance formulations for short-circuit
analysis in distribution systems. These formulations
were applied to model single-phase, two-phase, and
three-phase line configurations representative of prac-
tical distribution networks. Their impedance accuracy
was quantified through percentage-error comparisons
against the Carson reference model.

After the line-modeling stage, three short-circuit
case studies were conducted. The first examined a
feeder with short lines (less than 1 mile), the second
considered medium-length lines (up to 15 miles), and
the third evaluated very long lines (up to 50 miles). In
each case, the percentage error between short-circuit
currents computed using closed-form formulations and
those obtained with the Carson model was determined.

Across all studies, line-to-ground faults consistently
produced the largest percentage errors, followed by
line-to-line-to-ground faults, whereas three-phase-to-
ground faults exhibited the smallest errors. Notably,
three-phase and line-to-line faults exhibited negligible
differences between the studied formulations and the
Carson model.

For all cases, the maximum error for three-phase-
to-ground faults remained below 0.007%, and for line-
to-line-to-ground faults below 0.04%, confirming that
all closed-form formulations considered are adequate
for modeling these fault categories. In contrast, line-to-
ground faults reached a maximum error of 0.27%, indi-
cating that the selection of the earth-return impedance
formulation can be consequential in studies where high
short-circuit accuracy is required.

Among the evaluated formulations, Noda’s model
consistently provided the most accurate approxima-
tion to the Carson reference, closely followed by Al-
varado’s and Eriksson’s formulations, while Kersting’s
and Deri’s yielded the largest deviations. In general,
formulations with more elaborate complex-image rep-
resentations tended to achieve higher accuracy. Never-
theless, except for line-to-ground faults, simpler formu-
lations appear sufficient for short-circuit studies and
may be preferred when reducing computational effort
is a priority.

The correlation analysis further showed that,
for three-phase and line-to-line-to-ground faults,

impedance-modeling errors do not translate into no-
ticeable short-circuit calculation errors. By contrast,
a strong correlation was observed for line-to-ground
faults, particularly in single-phase configurations, un-
derscoring that accurate earth-return impedance mod-
eling is critical in these scenarios.

Overall, the closed-form earth-return impedance
formulations investigated are suitable for short-circuit
analysis in distribution systems. However, for single-
line-to-ground faults in single-phase lines, the choice of
closed-form formulation is crucial to ensuring accurate
short-circuit results.
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